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When we do PCA, we need to do an eigen-decomposition of the covariance matrix. Suppose
the m sample data we have are: x̃i, i = 1, . . . , m. x̃i’s are usually vectorized image with
dimension of N × 1. For example, if you want to convert an image with resolution of 300× 200
to a vector, the N = 300× 200 = 60 000, which is much larger than the number of data sample
m. So, usually N À m. The procedure of PCA is as follows:

1. Compute the mean:

x̄ =
1

m

m∑
i=1

x̃i. (1)

2. Generate the zero-mean data matrix:

xi = x̃i − x̄. (2)

A = ( x1 x2 . . .xm ) (3)

3. Construct the covariance matrix:
C = AAT (4)

The covariance matrix C is symmetric and positive definite. So the eigenvalues of C is
real and non-negative.

4. Eigen-decomposition:

The eigenvalues λi’s and the eigenvectors vi’s of C satisfy

Cvi = λivi. (5)

Here we assume that the eigenvector is normalized, i.e., ‖vi‖2 = 1. Writing Eq. (5) in the
matrix form, we have

CV = VΛ, (6)

where

Λ =




λ1 0 0 . . .
0 λ2 0 . . .

. . .

0 . . . 0 λN


 (7)
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is the diagonal matrix with the egenvlues λi’s in the diagonal. In the PCA procedure, we
put λi’s in Λ with the descent order, i.e., λ1 ≥ λ2 ≥ · · · ≥ λN . V is the matrix consists of
the egenvectors corresponding to λi’s.

V = ( v1 v2 . . .vN ). (8)

So we have the eigen-decomposition of the covariance matrix:

C = VΛV−1 = VΛVT . (9)

The reason that VT = V−1 is due to the fact that C is symmetric and positive definite
[1].

5. Construct the projection matrix P:

In order to apply PCA for dimension reduction, we can pick a number k < N to form the
projection matrix from the first k principal componets as

P =




vT
1

vT
2
...

vT
k


 . (10)

To represent a sample xi of high dimension (N × 1), we use its low dimensional projection
zi (k × 1), i.e.

zi = Pxi. (11)

If N is not very big, we can use the procedure mentioned above to compute the principal
components. But for our eigen-background modeling case [2], N is usually more than 40 000. It
is infeasible for us to construct the covariance matrix with the dimension N ×N . In our eigen-
background modeling scenario, the number of data sample m is the number of image frames of
the training sequence. m usually ranges from 20 to 300. So m ¿ N here.

Let us consider the matrix D = ATA, which is a m×m matrix. This is a very small matrix
comparing with C.

The eigenvalues λ̃i’s and the eigenvectors ṽi’s of D satisfy

ATAṽi = λ̃iṽi. (12)

We want to explore the relationships among the eigenvalues and eigenvectors of ATA and AAT .
Left multiply A at the both side of Eq. (12), we have

AATAṽi = λ̃iAṽi. (13)

i.e.,
CAṽi = λ̃iAṽi. (14)

We conclude that λ̃i is an eigenvaule of C, with the corresponding eigenvector Aṽi.

Similarly, left multiply AT at the both side of Eq. (5), we have

ATAATvi = λiA
Tvi. (15)
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i.e.,
DATvi = λiA

Tvi. (16)

So λi is an eigenvalue of D, with the corresponding eigenvector ATvi. Both AAT and ATA are
symmetric and postive definite matrix. So Eq.s (14) and (16) shows that AAT and ATA have
exactly same set of eigenvalues. For the corresponding eigenvectors, we can establish a bijection
between vis and ṽis using Eq.s (14) and (16). They are mapped to each other by:

vi = Aṽi (17)

and
ṽi = ATvi. (18)

There is an interesting question. Since the dimension of AAT (N ×N is much larger than
the one of ATA (m×m), how can they have the same amount of eigenvalues and eigenvectors?

That is because rank(AAT ) = rank(ATA) = rank(A). So they have exactly same amount
of non-zero eigenvalues and the eigenvectors corresponding to the non-zero eigenvalues. The
principoal components are eigenvectors corresponding to the largest k eigenvectors. So we can
compute the principal components of AAT using the eigen-decomposition of ATA. The eigen-
decomposition of ATA can be further simplified by Singular Value Decomposition (SVD). We
can simply compute the SVD of A. Refer to page 369-372 of [3] for details.
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