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Abstract

This paper deals exclusively with crossover designs for the purpose of comparing ¢
test treatments with a control treatment when the number of periods is no larger than
t + 1. Among other results it specifies sufficient conditions for a crossover design to
be simultaneously A-optimal and MV-optimal in a very large and appealing class of
crossover designs. It is expected that these optimal designs are highly efficient in the
entire class of crossover designs. Some computationally useful tools are given and used
to build assorted small optimal and efficient crossover designs. The model robustness
of these newly discovered crossover designs are discussed.

KEY WORDS: Crossover designs; Repeated measurements; Carryover effect; Balanced
designs; A-optimal and MV-optimal crossover designs.

1 Introduction

Crossover designs, where experimental units are used in two or more (p) periods for the
purpose of evaluating and studying two or more (¢) treatments, have proven effective
in a wide range of applications in agriculture, sensory testing, and especially in phase
I and phase II pharmaceutical clinical trials. The rigorous study of these designs and
their optimality and efficiency has a history of at least 27 years. These optimality and
efficiency results are almost all for those situations where all treatment comparisons are
equally important. Some published works include Hedayat and Afsarinejad (1975, 1978),
Cheng and Wu (1980), Kunert (1983, 1984), Hedayat and Zhao (1990), Stufken (1991),
Carriere and Reinsel (1993), Matthews (1994), Kushner (1997, 1998), Kunert and Stufken
(2002), and Hedayat and Stufken (2003). Recently Hedayat and Yang (2002, 2003) have
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obtained additional results for balanced uniform designs and the designs suggested by
Stufken (1991). We refer the readers to the excellent expository review paper by Stufken
(1996) for additional references.

In many pharmaceutical studies, experimenters are more interested in the comparisons
between t experimental test treatments and an established standard or control treatment.
In our study we shall designate the class of all such designs based on ¢ test treatments,
a control treatment and n experimental units each used in p periods by €11, ,. Unfor-
tunately the published literature contains very little useable results related to this very
important problem. Perhaps the associated mathematical difficulties could be a major
reason for this lack of useful published results. Majumdar (1988) considered A-optimal
and MV-optimal crossover designs for comparing several test treatments with a control
treatment and established that some known strongly balanced crossover designs can be
combinatorially modified to obtain optimal designs for this problem. But Majumdar’s
result is limited to the situation where t = w?, p = m(w? + w), and m > 2. The first
nontrivial case will be t = 4 and p = 12. In crossover designs, for a variety of reasons,
usually it is undesirable to have large numbers of periods. In many cases, the experimenter
is interested in designs in which the number of periods is less than or equal to the number
of total treatments, i.e. p < t+ 1. When p = 2, Hedayat and Zhao (1990) studied this
problem and obtained useful results.

Throughout this article, unless otherwise specified, we always assume 3 < p <t + 1.
The main purpose of this paper is to identify and construct crossover designs which are
simultaneously A-optimal and MV-optimal in some desirable class of designs in terms of
t test treatments versus a control treatment. Section 2 introduces the model and the
notation. Section 3 contains four lemmas which provide useful mathematical tools for
research on optimal crossover designs in general. The main result is presented in Section
4. Some assorted examples are given in Section 5. Section 6 discusses further issues and
indicates some important open problems. The Appendix contains a series of propositions
which are used in Sections 4 and 5.

2 Model of Response

Selection of an appropriate model of response for the data gathered under a crossover
design in Q441 is rather difficult and complicated. While several models have been in-
troduced in the literature, the model which has been mostly entertained by design theorists
is the traditional homoscedastic, additive, and fixed effects model which in the notation of
Hedayat and Afsarinejad (1975), can be written as

Yaku = 10+ ok + Bu + Tagkw) + Pd(k—1,u) + €kuy K=1,...,p; u=1,....n (2.1)

where Yy, denotes the response from unit « in period k to which treatment d(k,u) was
assigned. In this model p is the general mean, a4 is the effect due to period k, 3, is the
effect due to unit u, 74, is the direct effect of d(k, u), pg(r—1,) is the carryover or residual
effect of treatment d(k—1,u) on the response observed on unit « in period k (by convention



Pd(0u) = 0), and the eg,’s are independently normally distributed errors with mean 0 and
variance o2. Recently another model has been introduced into the literature by Afsarinejad
and Hedayat (2002) and some optimal designs have been identified. Kunert and Stufken
(2002) used this new model of Afsarinejad and Hedayat and obtained additional optimal
designs under this model.

Hereafter we shall designate the ¢ test treatments by 1, 2, ..., ¢ and the control treat-
ment by 0. Throughout this paper, for each design d, we adopt the notation ngj, Rgi, ldik,
Mdij, Tdi, Tdi» and 749 to denote the number of times that treatment 7 is assigned to unit u,
the number of times this happens in the first p— 1 periods associated with u, the number of
times treatment ¢ is assigned to period k, the number of times treatment ¢ is immediately
preceded by treatment j, the total replication of treatment ¢ in the n experimental units,
the total replication of treatment ¢ limited to the first p — 1 periods in the design, and the
total replication of control treatment 0 limited to period 2 to p respectively.

In matrix notation we can write model (2.1) for the np total observations as

Yy=pl+ Pa+UB+Tyrg+ Fypq + e. (2.2)

where Yy = (Y11, Yao1, .-, Yapn)'s @ = (0a,..., ), = (B1,...,00), 7a = (10,..., ),
Pd = (pg, - ,pt)/, e = (611,621, .. .,epn)’, P = 1, ® Ip, U = In & 1p, T, = (Tél, - 7T0/ln)/’
and Fy = (F},..., F})". Here Ty, stands for the p x (¢ + 1) period-treatment incidence
matrix for unit u under design d and Fy, = LTy, with the p X p matrix L defined as

<01X(p1) 0 )
Tp-1yx(p-1) Op-1)x1

The information matrix Cy, for direct effects 74 = (79, ...,7¢)’, can now be expressed as
Cy = Typr-([P|U|F4)) T,
where, prt(X) =1 — pr(X) and pr(X) = X(X'X)~X'.

3 Preliminary Lemmas

For comparing test treatments with a control, the most frequently used optimality criterion
is A-optimality. An A-optimal design minimizes 25:1 Vary(, — 70). Let My be the
information matrix for the contrast vector (73 —79,...,7 —79)’. Then an A-optimal design
for this contrast vector is a design which minimizes T'r (M ). Another optimality criterion,
which is associated with A-optimality, is MV-optimality. An MV-optimal design minimizes
Mazi—1, . +Vary(7i—70). The following well known lemma indicates that A-optimal design
is also an MV-optimal design.

Lemma 1. An A-optimal design is also an MV-optimal design if its information matriz,
My, is a completely symmetric matriz.

Lemma 2 points out to a well-known algebraic relation between the two information
matrices Cy and My.



Lemma 2. The information matrix My can be obtained from the information matriz Cy
by

M, =V'C4V, (3.1)

where V' is the (t + 1) X t matriz, defined as

<01xt)

Lixi )

Thus, My can be simply obtained from Cy by deleting the first row and the first column of
Cyq.

From Lemma 2,we can explore the algebraic properties of M, via Cy. But unfortunately,
Cy for our problem is very complicated to deal with. It is known that when all test
treatments and the control treatment are uniform in periods, i.e., test treatments and the
control treatment appear equally often in each period, we can ignore the impact of the
period effects in Cy. This property is highly desirable when all test treatments and the
control treatment are equally important. But when only the comparisons between test
treatments and the control treatment are considered, this property is no longer desirable.
In the latter case it is expected that the control treatment should have more replications
than each test treatment. Lemma 3 shows that we can still ignore the period effects even
if the replication of each test treatment and the control treatment are different. We state
this result without a proof.

Lemma 3. For any crossover design d,
Cq < Thpr=(U)Ty — Thpr(U) Ey(Ejpr-(U)Ey) ™ Fypr(U)Ty, (3.2)
with equality for a crossover design with lgx = rq;/p,i =0,...,t.

Notice that the uniformity in periods is just a special case of the stated condition.

To find an A-optimal design, one needs to find a design that minimizes T'r(M_ ). One
way to achieve this is first to find the mingeq, +17n’pT7“(Md_1) and then characterize the
design that achieves this minimum value. Although Lemma 2 can help in simplifying the
calculation of M !, it is still difficult to find the mingeq, iy IT(My ). The main difficulty
is that for a general design d, one cannot write down the explicit expression of T'r(M, 1).
Lemma 4 shows a method for finding the explicit expression of the achievable lower bound
for T'r(M; 1) for a very broad and general class of crossover designs.

Lemma 4. For any design d, in which 0 < rgo < n(p — 1), we have

t—1 1
+77
Zo Yo

Tr(M;') >



where

Yo =

t
t(np —rao — % =1 21 i) — (Tao — ,% > =1 o)
tt—1)

2
tp (Zle(mdn’ — %ZZzl NaiuNdiu) + +(Tao — p],%l?”do — Mgoo + % Yoy ndOundou))

(t—Dnp—1)pt—t—1) — (pt —t+p—2)Fa0 + Yy 12,]
1 1 —
;(Tdo - P anou) -

u=1

pln(p = 1) = Tao] (maoo — & —y naouTdou)? + Pao(Fao — E+do — maoo + 5 Dy NdouTdon)?

tinp(p — 1)ra0 — 7:30 —np—1)> 0 ﬁgou]

Further, Tr(M;1) = =1 + L will hold when the following conditions are satisfied.
d z0 Yo
(7,) ldik = T‘di/p,’i = O,.. .,t.,
(ii) Tipr-(U)Ty, Typr+(U)Fy, and Fjprt(U)Fy are invariant under any permutation
of test treatments.
(iii) Each test treatment appears at most once in each of n first p — 1 periods.

Proof. It can be shown that the elements in T/jpr-(U)Ty at positions (i,4) and (4,5)(i # 7)

2

1 n 1 n : . : ! oo
are 14 — 3 Doy n%,, and -3 Doy NdiuNdju Tespectively; the elements in Tjpr—(U)Fy at

position (4, j) is mg;; — % Y n—1 NdiuTdju; the elements in F(’iprL(U)Fd at positions (4,4) and
(1,7)(i # j) are Tg; — % S n3, and —% > n—1 NdiuTaju respectively.
Let S1 = I;,59,...,Sn be the set of all £ x t permutation matrices on the set of ¢ test
treatments, where N = t!. Define My = % Zf\il SIM;S;. By Lemma 2.2 of Majumdar
and Notz (1983), M is superior to My under the A-criterion. Define

~ 1 let .
S; = i=1,...,N.
! <0t><1 Si )

Then 5’1 = It+17§;, .. .,,SA”;V will constitute the set of all (¢t + 1) x (¢t + 1) permutation
matrices on the set of all treatments leaving the control treatment unchanged. It can be

casily verified that S/V'CyVS; = V'S; C4S;V.
By Lemma 2, we have

N N N
=5 1 y— . 1 /~/ o _ ! 1 o’ q
Ma= > SIV'CaVS; = < ; VISiCaSiV = V{5 Y 8i CaSi}V. (3.3)

i=1 =1



By Inequality (3.2) and Proposition 1 of Kunert and Martin (2000), we have

<.

N N

~ ~ ~/
> 5 CaSi <308 (Tapr - (U) Ty = Tipr-(U) Fa( Fgpr(U) Fa) ™ Fgpr-(U) T
i=1 =1

N

N N
<N S (Tprt(U)T)S; - (Z gz‘/(TclzPTL(U)Fd)§i> (Z Q,(FéPrL(U)Fd)gi>
=1 i=1

=1
N
(Z §i’<leprL<U>Td>§i>. (3.4)
=1

The equality sign in (3.4) will hold when (i) lgix = 74i/p,i = 0,...,t, and (i) T)pr+(U)Ty,
T C’lprL(U )Fy, and Féprl(U )Fy are invariant under any permutation of test treatments.
Then by utilizing the definition of S;, we observe that Zfil ,SNYi/(TéprL(U)Td)gi,
SV @,(TéprL(U)Fd)g’i, and SN, §i/(Fc’lprL(U)Fd)§i have the following form:
QA fmJ1><t
m=1,2,3, 3.5
<CmJt><1 (bm - em)[txt + emJtXt> ( )

respectively. It can be shown that

for "X, 8 (Typr (U)T) S,
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ar = N(rao——Y_ i),
pu:l
N 1 n t
by = T(HP—Tdo—*ZZn?zm),
pu:l i=1
ai
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and for SN g’i,(Féprl(U)Fd)g'i,
azg = N(rq— — Z Tgiow,);
N
by = T(n(p —1) —Ta — 7zzndzu

u 1i=1
N, p—1_
3 = fz=—(— Tao + n
t( p p; dDu
N 1 n t
€3 = t(t—l){ anOu ( (pfl)*Tdo erzzndw

u=1 i=1

Thus, it is easy to see that when the control treatment is kept in the same positions,

Zij\il :Sv’i/(Fc’lprJ-(U)Fd)gi will be maximized under the Loewner ordering when each test
treatment appears at most once in each of n first p — 1 periods, i.e.

(3.6)

A g a c3J
> S (Fypr-(U)Fy)Si < < 3 3J1x¢ )
=1

c3dix1 (b3 —e3)lixt + €3Jixt

When 0 < 7459 < n(p — 1), it can be easﬂy verlﬁed that as > 0, b3 > e3, and aggg + (t —
1)ages —tc3 > 0. So the right hand side of Inequality (3.6) is a positive definite matrix and
its inverse has the same matrix form as in (3.6) when ay, b4, c4, and ey are replaced by as,
bs, c3, and e3 respectively. Here,

a gg +(t—1)es
4 = ~ )

asbs + (t — 1)@353 — tC%
b asbs + (t — 2)ases — (t — 1)c3

4 pu—

(bg — 63)(a3b3 + (t - 1)&363 — tc3)
C4 = ~ — 5

azbs + (t — 1)azes — tc

2 ~

er = C3 aszes

(bs — &3)(asbs + (t — 1)azés — tc2)

The inverse matrix of the right hand side of Inequality (3.6) can be expressed as D + c4J,
where

D — <CL4 —C4 0]_><t >
Otx1 (ba —ea)list + (ea — ca)Jixt)



Notice that ¢4 > 0 due to c3 < 0, and we have

N - N
(Z@/(Tépr ><ZS (Fipr( ) (Z (Fipr( Td)§i>

N
(ZS (Thpr( ) (Z (Flpr( Td)S>. (3.7)

The equality sign in the above inequality will hold when l49; = r40/p and each test treat-
ment appears at most once in each of n first p — 1 periods. By Equality (3.3), Inequality
(3.4), Inequality (3.7) and by direct calculations, we have

My < My < My,

and the equality signs hold when the three conditions in Lemma 4 are satisfied. Here
Mg = xI +yJ, where

1

xr = N[bl —e1 — (ba — e2)(bs — €4)]
and
y = %[el — 3(a4 — ca) — ea(by — ez — fo) (ba — e) — f3(e4 — ca)].

Thus, to reach our conclusion, it is enough to show that the eigenvalues of Md are xg with
multiplicity ¢ — 1 and yo with multiplicity 1

Since My = xl + yJ, its eigenvalues are z with multiplicity ¢ — 1 and x + ty with
multiplicity 1. It is easy to check that by —eq = 1/(bs — €3), ba — ea = (the + f2)/(t — 1),
and by — e; = (t2b1 — a1)/(t(t — 1)). By direct calculations, we obtain z = z.

Now it suffices to show that = 4ty = yo. Notice that by + fo + (t — 1)es = 0 and by the
definitions of a4, b4, ¢4, and ey, we have

1
r+ty = N[bl +(t—1)e — tcg(a4 —cy) — tf22(e4 —cq) — f22(b4 —ey4)]
_oar tc2(b3 + (t —1)é3 + c3) + f3(as + tC3)
Nt [agbg + (t — 1)a3€3 — tC3]

By direct calculations, we obtain

N2

asbs + (t — 1)agés — tc3 = W [np(p — 1)7g0 — 729 — n(p Z Naouls
- _ N _
b3+ (t—1)es+cs = E[”(P — 1) — Tao),
N7
az +tcg = Ldo
p
Thus = + ty = yo. O



4 Optimal Crossover Designs for Test Treatments Versus a
Control Treatment

In this section we will construct a family of crossover designs and prove their optimality
for comparing ¢ test treatments versus a control treatment over a large class of designs d
in Q¢y1 ., for which lgop = rq0/p, k=1,...,p (i.e., the control treatment appears equally
often in p periods) and mg; = 0 for 0 < ¢ <t (i.e., no treatment is allowed to be preceded
by itself in d). The class of such designs is denoted by A¢11 . Before presenting the main
theorem, we need some preliminary lemmas. To make our notation simple, we define the
following four expressions:

1 n
A = t(p — 1)(np — Tdo) - p(TdO - 5 Zn?lOu)
u=1

(nt(p — 1) — g0 — Y n_y NdouTdou)”
n(p—1)(pt —t—1) = (pt —t +p — 2)Ta0 + >y N3,
n(p = 1)(3 =1 MdouTdou)”
np(p — 1)Fao — 75 — nlp — 1) 30y 1,

)

n

1
Ay = p(rao — » Z o) —

u=1
0, — nt(p — 1) — g0 — D p_i NdouNdou
n(p—1)(pt —t —1) = (pt =t +p — 2)Ta0 + 2ou_y g,
0, — n(p —1) > 0_ NdouNdou
y =

np(p - 1)"7d0 - Tﬁo - n(p - 1) ZZ:l ﬁ30u

The next lemma provides a simpler lower bound than that in Lemma 4 for any design
d in A¢y1,n,p. This lower bound depends only on the property of the control treatment in
the design d.

Lemma 5. For any d € Ap1,np with fized rq9, we have

t(t —1)2 t
Ty » VP (4.1)
T 1
Here
I
r1 = t(p—1)(np—71a0) — p(rao — » min » " ndy,) —
u=1
[nt(p — 1) — trgo —miny ', Nd0uTdou)?
n(p—1)(pt —t —1) — (pt —t +p —2)Fqo + min Y, 13,
and
I &y n(p — 1)(min Y0 naountdou)”
y1 = p(rqgo — — min Nao0w) — — u= .
p ; %0 mp(p — 1)a0 — T3 — nlp — 1) Yon_y 2,



The equality in (4.1) will hold when the following two conditions are satisfied in addition
to the three conditions in Lemma 4:
(i) ngi, i =1,...,t,u =1,...,n are either 0 or 1;
(1) Y 200 Do NdouTdou, and Y w_i N, are minimized.

Here, the minimizations of > n_1 N30, Yow_q NdouTdou, and Y w_, M3, are over all
possible designs d € N1, p with fized rqo.

Proof. Since for any design d € Ayy1,,p, With 7490 = 0 or np, the contrasts between test
treatments and the control treatment are not estimable, thus only designs with 0 < 749 <
n(p—1) are considered here. When 0 < rq9 < np, from Lemma 4, we know that Tr(M; ') >
% + y%, with zg and yo as defined in Lemma 4. By Proposition 2 (for this and all other

propositions see the appendix), we notice that ¢ Zle Yoo 1 NdiuNdin, > t(n(p— 1) —Ta0) >

> n—1 NdouTdou- We also know that mg; = 0,i =0,...,t and 7y = W. Thus
1
T
O = e —-1p"
1
Yo = 7A27
tp
and the equality holds when ng;,,2 =1,...,t,u=1,...,n are either 0 or 1. So we have
_ tt—1)2%p tp
Tr(M;Y)y > 22— 2 = 4.2
'I"( d ) - Al + AQ ( )

By Proposition 2, we have

n
> Naoulidou < nt(p — 1) — 0.

u=1

For any d € A1, with fixed rqo, let &1, &2, and &3 be independent variables satisfying
the following inequalities:

Y

n
& > min(3 ).
u=1

n
mjn(z NaouTdou) < &2 < nt(p — 1) — trgp,

u=1

and

n
: ~2
£ =2 mjn(zl 0w
=

By Proposition 6, we know that ming (3 r_; n%,), ming(3n_; RdouTdou), and ming(31_; 72,
are fixed for given n, p, and rgo.

Define Ay, As, ©1, and O, to be the corresponding values of A1, As, ©1, and G4 respec-
tively after replacing > i1 n2),. > ow_i NdouTdou, and > u_; 1%, by &1, &, and &3 respec-
tively in Ay, Ag, ©1, and ©2. Note that Y r_ n2,, Son_i Ndouldou, and Y n_, N2y, are

10



not independent of each other, and thus the set {> 1 _; n2y., Y on_| NdouTdous P weq Maout
is just a subset of { &1, &2, &3 }. Thus for any d € Ay41 5 with fixed 749, we have

, t(t —1)? t
o & min o (M + Py
U=1M30u>  u=1"d0uBdOws 41 BJ, A Ay

t(t —1)2 t
min (7( N)p+£

T 1628 Ay ,AVQ )
Define ( 2
tt—1)p tp
H(rao,&1,62,83) = —— + —.
Ay Ay
To reach our conclusion, it is sufficient to show that for fixed ry9, H(rqo,&1,8&2,&3) is an
increasing function of &1, &2, and &3.

By direct calculation and Proposition 3, we have

OH(rq0,61,€2,83) tp(i—ﬂ
6{1 &2 &2

) > 0.

Also we have

8H(Td07§17§27§3) — 2tp( évQ — (t _ 1)261) >0 (4 3)
——9 = '

& Ay ANIQ

The last inequality holds when efl—o > i)T_ll due to Proposition 3 and Inequality (6.10) in
Proposition 5. Further, by applying Proposition 4 and Inequality (6.9) in Proposition 5,
the inequality still holds when &% < ’t’%,.

By direct calculations, we have

—~2 —~2
S} t—1)%0

= tp( 32 - ( /V)Q - ) (44)
JAD Aq

O0H (740,81, &2,63)
S

And by the same argument, we have Wm%,—gézfzs)

> 0. Therefore for a given rq, 75('5&:71)27’ +
1

12 will achieve the minimum value when &1, &, and &3 are minimized. Thus, the conclusion
2

is obtained. ]

Next, we will introduce some definitions, which are similar to the definitions in Kunert
and Stufken (2002). A design d € Q41 is called

(i) a balanced test-control incomplete block design for the direct effects (with units as
blocks), if (a) each test treatment 1 < i < ¢ appears equally often in the design; (b) if each
test treatment appears in each unit at most once; (¢) the number of units where any two
test treatments ¢ and j both appear is the same for every i # j,1 < i <t¢,1 < j <t; (d) the
control treatment appears in each unit either ["] or [*42] + 1 times, and (e) the number of
units where the control treatment appears [*] times and test treatment i appears is the
same for every 1 <1 <t.

11



(ii) a balanced test-control incomplete block design for the carryover effects (with units
as blocks), if the first p — 1 periods of the design form a balanced test-control block design
for the direct effects in Q115 p—1.

(iii) a balanced for test-control carryover effects design, if (a) every test treatment
1 < ¢ <t is immediately preceded by every other test treatment 1 < j < t equally often
for every i # j; (b) the control treatment is immediately preceded by every test treatment
1 <i <t equally often; (c) every test treatment 1 < i < t is immediately preceded by
the control treatment equally often, and no treatment including the control is immediately
preceded by itself.

(iv) a proportional frequency design for test-control on the periods, if every test treat-
ment 1 < 4 < t appears in every period exactly ™2 t_prdo times, and the control treatment
appears in every period exactly ™ times.

A design d* € 411, is called a totally balanced test-control incomplete crossover design
if

(i) d* is a balanced test-control incomplete block design for the direct effects,

(ii) d* is a balanced test-control incomplete block design for the carryover effects,

(iii) d* is balanced for test-control carryover effects,

(iv) d* is a proportional frequency design for test-control on the periods,

(v) the number of units where test treatment j appears once in the first p — 1 periods
and test treatment ¢ appears once is the same for every pair ¢ # j; the number of units
where the control treatment appears [‘i‘i—o] times in the first p—1 periods and test treatment
i appears once is the same for every test treatment 1 < ¢ < ¢; the number of units where
test treatment ¢ appears once in the first p — 1 periods and the control treatment appears
[] times is the same for every test treatment 1 <1i <t.

Examples of such designs will be given in Section 5. The following lemma summarizes
some useful properties of a totally balanced test-control incomplete crossover designs.

Lemma 6. If d is a totally balanced test-control incomplete crossover design, then

(Z) laik = Tdi/pvi =0,....¢,

(ii) My is a completely symmetric matriz (since Typr+(U)Ty, Tipr+(U)Fy, and Fypr+(U)F,
are invariant under any permutation of test treatments).

(161) >y N20us D ome1 NdouTdou, and > n_y M2, are minimized over the designs with
fized rq0.

We are now ready to summarize our findings in the following theorem.

Theorem 1. For p <t+1, a design d* is simultaneously A-optimal and MV-optimal in
Aivinp if d* is a totally balanced test-control incomplete crossover design and rq-o minimize
the right hand side of Inequality (4.1).

Proof. By Lemma 6, the conditions for the equality sign in Lemma 5 hold. From Proposi-
tion 6, we notice that min Y »_; n2y,,, min > 1 _; ngoumdou, and min > »_, 12y, are functions
of r49. Thus we have

t(t—1)2 t t(t—1)2 t
o) = MNP (VR gy,
m>1k yiﬂ €40 T Y1



where 2] and yj are the corresponding z1 and y; when d is d*. The last inequality holds
due to Lemma 5. Thus design d* is A-optimal. And since M .! is a completely symmetric
matrix by Lemma 6, the MV-optimality of design d* follows by Lemma 1. O

5 Assorted Mathematical Tools Useful for the Construction
of Optimal Crossover Designs

While Theorem 1 specifies a set of sufficient conditions for a crossover design to be si-
multaneously A-optimal and MV-optimal, it will not provide any mathematical tools for
constructing these designs. The purpose of this section is to alleviate this deficiency and
present some mathematical tools which in conjunction with some simple computer pro-
grams can help in constructing these designs. In practice, ¢t and p are given and the job
of the statistician is to find an optimal design for a given desirable n. If we want to rely
on Theorem 1 then we are left with two tasks. First, to apply Equations (6.13), (6.14),
and (6.15) in Proposition 6 into the right hand side of Inequality (4.1) and run a simple
computer program to find the rg+o which minimizes the right hand side of Inequality (4.1).
Second, to build a totally balanced test-control incomplete crossover design d with the
replication of the control treatment in this design is rg«q.

Our experience shows that the family of totally balanced test-control incomplete crossover
designs based on ¢, p, and n contains very useful designs for our problems if rgo = n. We
have observed that these designs are either optimal or at least highly efficient. Thus we
shall concentrate our effort on this class of crossover designs. Not to leave the impression
that the optimal designs are exclusive in this class of designs, we shall at the end of this
section exhibit two optimal designs based on Theorem 1 with r4y # n. But, we should
point out that the construction of optimal designs with rqy # n is not easy and we need
more mathematical tools in this area.

Lemma 7. For given t, p, n, and rqo = n, a totally balanced test-control incomplete

crossover design exists only if both n(l;gl) and (p;()t(]:f)n are integers.

Proof. Notice that the condition =l s an integer implies %

I is also an integer. This
condition is necessary due to the uniformity for the test treatments on the periods. The
condition that % is an integer is also necessary since the design is balanced for
test treatments. In fact, if the control treatment appears in the first or the last period then
any test treatment will be preceded by every other test treatments p — 2 times. And if the
control treatment appears in any other periods, then any test treatment will be preceded
by every other test treatments p — 3 times. So, totally we have (p — 1)(p — 2)% times that

one test treatment is preceded by every other test treatment. Thus E=2P=2n
pt(t—1)

integer. O

must be an

As we shall see soon for many cases the necessary conditions in Lemma 7 become
sufficient for the existence of totally balanced test-control incomplete crossover designs.
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Lemmas 8 and 9 deal with cases for which p = ¢+ 1 and p = ¢. As for the case of p < t we
shall provide a very useful tool that could help in developing such crossover designs.

Lemma 8. For givent, p=1t+1, n, and rq90 = n, a totally balanced test-control incomplete
crossover design exists if there is a balanced uniform design in Qi1 5 p.

Proof. Simply replace treatment ¢ 4 1 in the balanced uniform design by the control treat-
ment. Then, it is easy to see that the modified design is a totally balanced test-control
incomplete crossover design with the stated parameters. O

Notice that a necessary condition for the existence of a balanced uniform design in
Qey1mt+1 is n = A(t + 1) for some positive integer A. According to Higham (1998), the
class €2¢41,n,t+1 contains a balanced uniform design when either n is an even multiple of
t+ 1 or t+ 1 is a composite number, i.e., it can be written as a product of two positive
integers each larger than 1.

Lemma 9. For given t, p =1t, n, and rgo = n, a totally balanced test-control incomplete
crossover design exists if (i) iz is an integer and t is a composite number, or (i) i is an
even integer and t is a prime number.

Proof. We shall give an explicit way of constructing these designs. By the two conditions
in the Lemma, % is a multiple of ¢ when ¢ is a composite number and % is an even multiple
of ¢ when ¢ is a prime number. Thus we can always construct a balanced uniform design
in Qt,%t. The totally balanced test-control incomplete crossover design with the stated
parameters can be constructed in the following way: (i) Construct a balanced uniform
design in Qt,%,t? (ii) Replace treatment 1 by the control treatment 0 in the balanced uniform
design; (iii) Repeat step (ii) for the remaining test treatments to produce in total ¢ new
designs; (iv) Juxtapose the ¢ new designs into a single design. The resulting design is the

desired design. O

For the case p < t, our experience shows that the following steps lead successfully to a
totally balanced test-control incomplete crossover design.

Step 1. Construct a balanced incomplete block (BIB) design based on t test treatments
in blocks of size p — 1. Let b be the number of blocks in this BIB design and number the
blocks from 1 to b in an arbitrary fashion.

Step 2. Construct p arrays each of size p by b. Fill the kth array, k = 1,2,...,p in the
following way. Fill the entire b cells in the kth row of this array by the control treatment.
Note that each of the b columns of the array now has p—1 empty cells. Fill these b columns
arbitrarily with the b blocks of the BIB design. In this way we have produced p arrays
each filled with the control treatment or the blocks of the BIB design. Juxtapose these p
arrays into a big p by pb array.

Step 3. Shuflle the positions of the test treatments in each column of the array produced
in Step 2, for the purpose of converting the p by pb array into a totally balanced test-control
incomplete crossover design.

Although the preceding 3 steps cannot guarantee that in all cases a totally balanced
test-control incomplete crossover design will be produced, our experience indicates that it
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is a very useful mathematical tool in building such designs when exist. Indeed, we have
succeeded to construct all small totally balanced test-control incomplete crossover designs
or designs which are very closed to such crossover designs.

In the sequel we present some interesting examples based on the tools presented here.
But, first a brief overview. For given t and p < t+1 we can choose n so that the two integer
conditions in Lemma 7 are satisfied. Then we can apply Equations (6.13), (6.14), and (6.15)
in Proposition 6 into the right hand side of Inequality (4.1) and run a simple computer
program to find the rg+g which minimizes the right hand side of Inequality (4.1). If rg«=g = n,
we can utilize Lemmas 8 and 9 as the steps for the cases p < t and construct a totally
balanced test-control incomplete crossover design which is simultaneously A-optimal and
MV-optimal by Theorem 1. In case ry«g # n, we can compare the corresponding minimum
value of the right hand side of Inequality (4.1) with the value when r49 = n. If the two
values are very closed, we can use Lemmas 8 and 9 as the steps for p < ¢ to build a highly
efficient crossover design. Ideally, we should investigate to see if it is possible to construct
an optimal design when rg+g # n.

We shall now concentrate to find small size optimal designs for these practically desir-
able cases, namely (i) p = 3, (ii) p = 4, and (iii) p = 5. In addition, we exhibit two optimal
crossover designs when 74«9 # n. The general method of constructing optimal crossover
designs when rg«g # n is very difficult and remains open.

5.1 Simultaneous A-optimal and MV-optimal crossover designs for three
periods

When t = 2, 3, or 4, then n must be a multiple of 3, 9, or 18 respectively. For the
minimum values of n which satisfy the integer conditions in Lemma 7, we found that
rg«<o = n. Unfortunately, there is no totally balanced test-control incomplete crossover
designs for either t = 2 and n = 3 or t = 4 and n = 18. Thus, we searched for optimal
designs for the next allowable value of n. We tried n = 6 for t = 2 and n = 36 for t = 4.
Fortunately, r4+9 = 6 and 36 respectively for these situations and both designs can be
easily constructed. For ¢t = 3, the minimum n which satisfies the two integer conditions in
Lemma 7 is 9. And indeed for this case rg«g = 9. Example 1 exhibits one such optimal
design for these parameters.

Example 1. A-optimal and MV-optimal design forp=3,t=3, and n=9.

000231231
12300012 3
231123000

When ¢ = 5, n must be a multiple of 30 and indeed n = 30 satisfies the integer
conditions in Lemma 7 and rg+g = 30. Example 2 exhibits one such optimal design for
these parameters.
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Example 2. A-optimal and MV-optimal design for p=3,t =15, and n = 30.

000000000011453224351145322435
231124535400000000002311245354
114532243523112453540000000000

5.2 Simultaneous A-optimal and MV-optimal crossover designs for four
periods

We tried to construct these designs for ¢t = 3, 4, 5, 6, 7, 8, and 9. The story is as follows.
First, we note that the minimum n for these values of ¢ must be a multiple of 4, 16, 40,
40, 28, 224, and 48 respectively. So we tried the minimum n. Fortunately, for all these
cases rqg=g = n. We did not attempt to construct the design for the case of t = 8 and
n = 224 due to the size of n. For the remaining six cases we succeeded in constructing
optimal crossover designs in the form of Theorem 1. For ¢ = 3 and n = 4, we can apply
the technique in Lemma 8. When ¢ = 4 and n = 16, we can use the technique of Lemma
9. Andfort =5and n=40;t =6 and n =40; t =7 and n = 28; and t = 9 and n = 48,
we successfully used the construction steps given after Lemma 9. We give samples of such
designs in Examples 3-6.

Example 3. A-optimal and MV-optimal design for p=4,t =135, and n = 40.

0000000000135242531413524253141234543215
1234543215000000000041352425315123454321
5123454321413524253100000000002345132154
2345132154352415314235241531420000000000

Example 4. A-optimal and MV-optimal design for p =4, t =6, and n = 40.

0000000000145462353135321612644266512345
35632161264000000000042665123451454623531
1454623531426651234500000000003532161264
4266512345353216126414546235310000000000

Example 5. A-optimal and MV-optimal design for p=4,t =7, and n = 28.

00000O0O0OO0O3456 7121234567456 7123
123456 70000000456 71233456712
3456712456 7123000000012 3435°¢67
456 712312345673 456 7120000000

Example 6. A-optimal and MV-optimal design forp=4,t =19, and n = 48.

000000000000693174258456825963147123147528369789
825963147123000000000000147528369789693174258456
693174258456147528369789000000000000825963147123
147528369789825963147123693174258456000000000000
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5.3 Simultaneous A-optimal and MV-optimal crossover designs for five
periods

We tried to build such designs for t = 4, 5, 6, and 7. For £ = 4, n must be a multiple of 5
and the first n for which a totally balanced test-control incomplete crossover design with
rqo = n exists is n = 10. For this value of n, we found that r4«g = n. The corresponding
optimal design can be easily constructed using the tools in Lemma 8. However, we like to
point out that if we need a design with bigger n for this case then rg«y may not be n. In
Example 10, we have exhibited an optimal design with n = 48 and 74«9 = 60.

When ¢t = 5, n must be a multiple of 25. So far we have not been able to construct
a totally balanced test-control incomplete crossover design with r49 = n when n = 25.
However, we can construct such a design when n = 50 by using the tools in Lemma 8.
Notice that when n = 50, 74+ = 60 minimizes the right hand side of Inequality (4.1)
and the corresponding minimum value is 0.24179. Although ry, = 50 does not minimize
the right hand side of Inequality (4.1), its corresponding value is 0.24299, which is 99.5%
efficient relative to the minimum value. So this design is highly efficient or even optimal.

When ¢t = 6, a totally balanced test-control incomplete crossover design will be relatively
very large since n must be multiple of 75. We tried n = 30 knowing that we cannot use
Theorem 1 to conclude optimality, but we hoped for a very efficient design. For n = 30, we
found rg+9 = 30 and the corresponding minimum value of the right hand side of Inequality
(4.1) is 0.55044. We used the construction steps after Lemma 9 and found a highly efficient
design. This design is given in Example 7. For this design d, its Tr(Md_l) = 0.55419, which
is 99.3% efficient relative to the minimum value. So this design is highly efficient or even
optimal.

Example 7. Efficient design for p =15, t = 6, and n = 30 with efficiency=99.3%.

000000612345234561345612561234
123456000000612345561234612345
612345234561000000234561234561
234561561234345612000000123456
561234345612456123612345000000

When ¢t = 7, n must be multiple of 35. So far we have not succeeded in constructing
an optimal design in the form of totally balanced test-control incomplete crossover design
with g0 = n = 35. However, we have been able to construct such a design for n = 70. For
n = 70, we found rg+g to be 70 and we shall present one such design in Example 8. The
design in Example 8 is split into two parts d; and do each based on n = 35. While the
union of the two designs are optimal, each of them is highly efficient design in the class of
designs with n = 35. When n = 35, the minimum value of the right hand side of Inequality
(4.1) is 0.61529 while Tr(M; ") = 0.61904 and Tr(M,") = 0.61927. Thus d; is 99.39%
efficient and ds is 99.36% efficient.

Example 8. A-optimal and MV-optimal design for p=>5, t =7, and n = 70.

17



d=d; U do, where

00000006712345234567171234566712345
23456710000000712345667123457123456
di=67123457123456000000056712345671234
56712342345671567123400000002345671
71234565671234671234523456710000000

and

00000006712345567123471234566712345
56712340000000712345667123457123456
do= 67123457123456000000023456712345671
23456715671234234567100000005671234
71234562345671671234556712340000000

Before closing this section we shall present two totally balanced test-control incomplete
crossover designs for which r4«g # n. Such designs are extremely difficult to construct. For
p=3,t=7, and n = 49, we have rg+g = 42 and for p = 5, t = 4, and n = 48, we have
Tdxo — 60.

Example 9. A-optimal and MV-optimal design for p=3,t =17, and n = 49.

0000000000000012345674567123456712312345674567123
3456712123456700000000000000123456734567123456712
4567123456712334567123456712000000000000001234567

Example 10. A-optimal and MV-optimal design for p=>5,t =4, and n = 48.

000012341234123400001234123412341234000012341234
123400002413241312340000241324132413241300002413
241324130000314224132413000031423142314231420000
314231423142000031423142314200000000432143214321
432143214321432143214321432143214321000000000000

6 Discussion and Closing Remarks

In this article, we imposed two conditions on the class of competing designs: (i) In each
design the control treatment should appear equally often in all p periods; (ii) In each design
no treatment is allowed to be immediately followed by itself in any experimental unit (i.e.,
my; =0, i =0,1,...,t). Although, the optimality of the newly discovered designs are over
this restricted class we are highly confident that these designs are very efficient over the
entire class of designs. Indeed, for some ¢, p, and n these designs could be optimal over the
entire class. To support this optimism, we can see from Lemma 3 that for any design d in
which condition (i) is not satisfied, the inequality (3.2) may become a strict inequality. It
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is possible that this condition is a necessary condition for the optimal design in the entire
class and therefore, the restricted condition (i) could be removed. As for condition (ii), if
may; > 0 for some 1 <4 <t, o in Lemma 4 may not yield a significantly bigger value since
the gain in the second part will be reduced by the loss in the first part. Consequently,
we think the restricted condition mg; = 0 for all 1 < ¢ < ¢ could indeed be a necessary
condition for the optimal design, or at least the gain with the condition removed is very
little. Further, if mgoo > 0, the numerator of ©2 becomes n(p — 1)(>_ naouNdow — PMdoo)
and ©y could be zero or negative. Thus, the corresponding inequalities (4.3) and (4.4)
may not be greater than zero for a general design d and consequently Tr(MJl) may not
be minimized when > ng4o,n4o, O > ﬁ?lOu is minimized for fixed rgg. In this situation, we
may have to consider the relationship among > n?iOu, > NgouNdou, and Zﬁgou' We may
find optimal designs for some special parameters, but we feel it will be very difficult to find
optimal designs for the general parameters p <t -+ 1.

It is natural to postulate that there could be better designs than those we have identified
in this paper. While we do not have any general evidence for that but what so far we can
say is this. The designs characterized in this paper are highly efficient if not optimal. We
have a substantial numerical evidence in support of this. Here is a typical example from the
assorted examples that we have produced in our ongoing research in this area. Consider
the case t = 7, p =4, and n = 28. We used computer along with some algebraic methods
and searched for the possible lower bound of T'r(M; 1) under the subclass of designs in
which the control treatment appears equally often in p periods. We found that there could
be a design with Tr(MJl) equals to 1.02252. While we are not sure if there is a design
with such a trace let us assume that there is one. Clearly this hypothetical design is better
than the A-optimal design d* with T'r(M 1) = 1.02327 which we displayed in Example 5
within the subclass Ay 1,y p, of designs for these ¢, p, and n. But note that d* in Example 5
is at least 99.9% efficient in the larger class without the restriction my; =0, i =0,1,...,t.
This is not an isolated case and as we mentioned we have observed this phenomenon in
many cases.

Another important issue worth discussing here is the status of the model robustness
of the optimal and efficient designs discovered in this article. We used carryover Model
(2.1) while searching for optimal and efficient designs. It is quite possible that upon data
collection and analysis we may discover that another model could be more appropriate than
Model (2.1). Consequently the optimal design which was used under the postulated Model
(2.1) might no longer be optimal or even efficient under the model specified in light of the
data. Thus it is prudent to recommend a design to the experimenter which is optimal or
at least efficient under several different likely models. For crossover studies several simple
and lower models than Model (2.1) have been used in practice. We shall explore here how
our designs in this article perform under the model without carryover effects (two-way
elimination model), the model which contains only direct treatment effects and subject
effects (one-way elimination model), and the model which contains only direct treatment
effects (zero-elimination model). In Table 6.1 we have listed 15 designs of which 10 have
already been displayed in Section 5 and the remaining 5 can be obtained by the procedures
in this paper. This table lists the efficiency of each design under the carryover Model
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(2.1) in the subclass A1, of designs (e.), as well as zero-way (eg), one-way (e1), and
two-way (e2) elimination models in the unrestricted class of designs. The efficiencies eq,
e1, and eg are based on the result of Hedayat, Jacroux, and Majumdar (1988). It is clear
that for most of these designs if the design is A-optimal under the carryover model, then
it is also A-optimal under one-way and two-way elimination models, and highly efficient
under zero-way elimination model. Even an efficient design under the carryover model
remains highly efficient under other three models. Notice that while Design 13 is highly
efficient under the carryover model, it is not that efficient under other models. The reason
is this: For computational simplicity this design was constructed under r4y = 50 while our
computation showed that r4«g is 60. Therefore, it is very safe to conclude that optimal and
efficient crossover designs which are constructed in this article remain optimal or highly
efficient under lower case models which are discussed here. Our research effort in this area
is continuing.
Table 6.1 Efficiencies under different models

Design plt| n|r € ) e1 €9
Designl |3 |2| 6 | 6 100% | 97.50% | 100% 100%
Design2 [ 33| 9| 9 100% 100% 100% 100%
Design 3 | 3|4 |36 |36 | 100% 100% 100% 100%
Design4 | 35|30 |30 | 100% | 99.84% | 99.85% | 99.85%
Design 5 | 3| 7|49 | 42 | 100% | 99.98% | 99.97% | 99.97%
Design6 | 4|3 4 | 4 100% 94.4% | 98.75% | 98.75%
Design 7 | 4|4 |16 | 16 | 100% | 96.55% | 100% 100%
Design 8 | 4 | 5|40 | 40 | 100% | 98.18% | 100% 100%
Design 9 | 4| 6|40 | 40 | 100% | 99.16% | 100% 100%
Design 10 | 4 | 7 | 28 | 28 | 100% | 99.82% | 100% 100%
Design 11 | 4 | 9 | 48 | 48 | 100% 100% 100% 100%
Design 12 | 5 | 4 | 48 | 60 | 100% | 96.43% | 97.56% | 97.56%
Design 13 | 5 | 5 | 50 | 50 | 99.50% | 93.10% | 96.87% | 96.87%
Design 14 | 5 | 6 | 30 | 30 | 99.30% | 95.23% | 98.53% | 98.53%
Design 15 | 5 | 7 | 70 | 70 | 100% | 96.68% | 99.47% | 99.47%

Appendix
Proposition 1. For any d € Ay11,,p, we have
Tao < n(pQ—l)

Proof. Since the control treatment appears equally often in periods, we have 7490 = (p —
1)lgo1- Also lgo1 < n/2 since no treatment (either test treatment or control) is followed by
itself. Thus we obtain the conclusion. O
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Proposition 2. For any d € Ay11,p, where p <t + 1, we have

> naoufiaon < tHnlp — 1) — Faol.

u=1

Proof. For given Ty, since 22:1 Ngou = Tdo and 0 < ngg, < &, we have

On the other hand, we have Zu:l NdouNdou < Y u—q Mdou(Mdou + 1). Notice that 3 < p <
t + 1, then by applying Inequality (6.1) and Proposition 1, we obtain the conclusion. [J

P30 when p > 4,

(6.1)
740, when p = 3.

In the next three propositions, &1, &9, &3, Kl, Kg, évl, and évg have the same definition
as those in the proof of Lemma 5. Notice that for any d € A¢11,, and given rgg, we have

n
§1> mgn(z Nou) = Tdo

u=1

n
nt(p—1) —trap > & > ngﬂ(z NdouNdou) = Tdo,
u=1

and
n

3> Hldin(z Tidou) = Tdo-

u=1
Proposition 3. For any d € A1, where 3 <p <t+ 1, we have
Ay > (t— 1)A (6.2)
Proof. Since nt(p — 1) — tryy > & > Ty and &3 > Ty, so we have
(nt(p — 1) — trag — &o)*
n(p—1)(pt—t—1) = (pt =t +p—2)Ta0 + &3

(nt(p —1) = (t + 1)7q0)*
n(p—1)pt—t—1)— (pt —t+p—3)Tao

and

n(p—1)(t — 1)(&)? _ nlp =1t = Vi
np(p — Diao — 75 —n(p—1)& — n(p—1)? =Tao

2
We also notice that tp(rqo — 751) < t(prap — “2). By direct calculation it is sufficient to
show

2 n(p — —1)r,
t(prao — %) —t(p—1)(np — rao) — ff(p _1)1(;2 _1%[:0

(nt(p —1) = (t + 1)7q0)*
n(p—1)(pt—t—1) — (pt =t +p —3)Tao

<0. (6.3)
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The left hand side of the preceding expression can be written as

ot 0y g a0y 2= DE-DER (t(p— 1) — (t +1)%0)>2
(t(P el )t (p—1)2—80  (p—1)(pt—t—1)— (pt —t+p—3)%0

From the proof of Proposition 1, we know that " < %0 4 1/2 Define 2 = %2, then
™0 < g 4-1/2. Simple algebra can show that Inequality 6.3 is equivalent to f(z) > 0 when
0<xz<(p—1)/2, where
4t — 1)z 4(t(p—1) — (t+ 1)x)?
p=1  (p-Dpt—t-1)—(pt—t+p-3)z
It can be shown that (p—1)(pt—t—1) — (pt —t+p—3)x >0when 0 <z < (p—1)/2, so
it is equivalent in showing g(z) > 0 when 0 <z < (p — 1)/2. Here
4t — 1)z
p—1

fl@)=t2p—1-2x)(2p—3 —2z) +

g(z) =[t(2p —1—2x)(2p — 3 — 2x) + J((p—1)(pt —t—1) = (pt —t+p—3)z]

—4(t(p— 1) — (t + 1)z)2.

It can be checked that ¢(0) > 0 and g(%) > 0. If we can show that g(x) is a mono-
tone function when 0 < z < (p — 1)/2, then we have reached the conclusion. By direct
calculation, we have

16(t — 1)
p—1
—t2(12p® — 36p® + 23p + 1) — t(4p> — 28p* + 39p — 9) + 4.

g (x) = —12t(pt — t +p — 3)2* + [t*(24p* — 48p + 8) + t(16p* — 72p + 40) + |z

Notice that ¢’(z) is an increasing function when x € (—oo, M), where

16(t—1)

t2(24p? — 48p + 8) + t(16p? — T2p + 40) + T

2At(pt —t +p — 3)

It can be verified that M > (p — 1)/2. So ¢'(x) is an increasing function when z €
[0,(p —1)/2]. Also we can verify that

p—1
2

Notice that —3p>® + 9p® — 4p — 2 < 0 when p > 3, thus

g (=)=t (=3p" +9p* —4p—2) + t(p® —p* —4p+6) — 4.

-1
g’(pT) < 26(=3p> +9p? —dp —2) +t(p> —p? —4p +6) — 4
= t(=5p> +17p* —12p+2) — 4
< 0.

So we have ¢'(z) < 0 when = € [0,(p — 1)/2], thus g(z) is a monotone function when
x€l0,(p—1)/2]. O
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Proposition 4. For any d € My15p, withp <t+1, and %2 € [0, f%}, we have

A tp-1)
(t—1)A, tp—-1) -1

(6.4)

Proof. Since nt(p—1) —trqgg > &, A1 will be minimized when &1, &, and &3 are minimized,
ie.

[nt(p —1) — (t + DFao]®

Ay > t(p—1)(np — rao) — (p— V)rao — —. (65
12 t(p—1)(np—rao) — (P — rao np—1)(pt—t—1)— (pt —t+p— 3)ra0 (6.5)
Also we can see that Ay will be maximized when &1, &2, and &3 are minimized, i.e.
— ~- 17
Az < (p—1)rao — nlp — Urao (6.6)

n(p—1)% —=7q

It suffices to show that 1[(t(p — 1) — 1)& —tt—1)(p— 1)3/2] > 0. Applying Inequalities
(6.5) and (6.6), and noticing that rg = p%leo, we can show that

%[(t(p — 1) = DA —t(t — 1)(p— 1)Ay] >

Tdo t2(p —1)2
tip—1) —1lpt(p—1) —pE+1)— — —
=1 =l = 1) =ple + D = o
’,,3.’
tp(t—1)(p— 1)~ (6.7)
Since 0 < e;i—o < ’;%11, and the right hand side of Inequality (6.7) is a decreasing function of
740, we further have
1 —~ —
{(tp = 1) =~ DA — 1t~ 1)(p — )R] >
t*(p—1)°
[tlp—1) = 1[pt(p—1) —p(p— 1) — ] -
(p—1D(pt—t—1)—(pt—t+p—3)
p—1
tp(t —1)(p—1)——. .
pe -1 - (63)

When p > 4, by applying the condition that p < ¢+ 1, we can show that (pt —t — 1) —
piobip=s > Mol p — 1) — 1 > ¥ and pp — 1)(t — 1) — 3t > PENEED g by
Inequality (6.8) we have

- 1)~ DA~ 1~ - DE] > tp— 1)~ ot~ Dlp— 1) - 31
~tp(t = o — )P
> tplp— D2 1) - )

AV
o
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When p = 3 and ¢ > 3, notice that 1 + t-2Tt1 < t. By Inequality (6.8) we have

22 tt—1

> 62t =1)(t—1) = (2 —1)5— P
> (2t —1)(4t —6) — 3t(t — 1)
> 0.

%[(t(p —1) = 1)A; —t(t — 1)(p — 1)Ag]

When p = 3 and ¢t = 2, due to Inequalities (6.5) and (6.6), we have Ay > 12n — 6rgo —

(41’L—38d0)2 N _ 2ne40
“Bn—dey and Ay < 27y Tn—en Thus we have

1 X = 4—3%0)2 gl
~[(tp—1) = DA —1(t = (p~ DA] > 362670 33,

N
7 4 — 380)2
> 36— 37@ _ 3%
n 6 —4=10
> 0.
The last inequality can be easily verified when 0 < % < % O
Proposition 5. For any d € Aiy1pp, withp <t+1, we have
t—t—1~ -~
tp—1)
Furthermore, when % > 1;;117 we have
0, > 0. (6.10)

Proof. 1t is easy to verify that évl > 0. We only focus on the remaining inequalities. By a
similar argument as in Proposition 3, we have

nt(p — 1) —trgo — &2
np—1)pt —t—1) = (pt —t+p—2)ra0 + &3
nt(p—1) — (t+ D)7y
“nlp-1pt—t—1)—(pt —t+p—3)Tao

and

n(p —1)& o np—1)
np(p — )70 — 75 —n(p—1)& ~ n(p—1)? =740

As for Inequality (6.9), it is sufficient to show that

p=1  (=DEpi-t-1-pt—t+p=3)% tp-1)-1
(p—1)2 — 80 tp—1) — (t+1)80 - tlp—1)

(6.11)
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Direct calculations show that Inequality (6.11) is equivalent to

(t+Dftp—1) - 1](’”20) =122 +t—1)—tp— 1)]’% <0,

which holds when 0 < 80 < (p_(lt)jff)_[(lt)(g2+;_ll})_t]. Notice that (p — 1)(t> +t —1) —t >
t2(p—1)—t, so (p 7(124[5110)7[(?(§i§:11})7t] > (I;ll) From Proposition 1, we know that —0 < %,
thus Inequality (6.9) holds.
For Inequality (6.10), it suffices to show that
-1 tp—1) — (t+1)8%0
P > (=1 = (D% (6.12)

(p—12-% " (p-1)(pt—t—1)— (pt —t+p—3)%°

Direct calculations show that Inequality (6.12) is equivalent to

(t+ D27 = (t+2)(p - D™+ (- 1) <0,

which holds when %2 e [P = L p—1]. From Proposition 1, we know that 8 < pT Thus

Inequality (6.10) holds when %0 > D +11 O

Proposition 6. For any design d € A1, and given rq,

n

. Tdo 7do
mjn(z ngou) = Tdo + (2ra0 — n)[-=] — ”[7]27 (6.13)

Tao + (27a0 —n + 5 L )[B0] — p[Bd0]2

~ when Lag. <n—rdo+n[ 0]
min( Y NgouNdou) = § P (6.14)
d uz::l e 240 + pedo n+ (2ra — 2n+ £a0 )[Bd0] — p[Bd0]2
otherwise,
and
Tdo Td0 2

= 2140 — —n|l—]%. 6.15
mln an(]u =740 + (2740 n)[n] n[n] (6.15)

u=1

Y o1 Maouws 2ouei MdouTtdou, and Y .4 Ny, can achieve their minimum values when d is a
totally balanced test-control incomplete crossover design.

Proof. Tt is straight forward to show Inequalities (6.13) and (6.15). Here, we will prove
Inequality (6.14) only. First we notice that

Z ndOundOu = Z Ngoy T E ndOu

uel’
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Here, I' is the set of units which receive the control treatment in the last period. So there
are rqo — T'go = % units in I'.

For any gy, u = 1,...,1, Y n_1 NdouTdoy, Will be minimized when we put the pe%ol small-
est values among all 74, into I'. Next, we will show that for a given 79, .1 NdouTdou
will be minimized when d is a balanced test-control incomplete block design for the direct
effects and carryover effects.

Suppose that there are some ngg,s, say ngor and 7gge, such that ngyr — ngee > 2.
Then we can replace nigg by n)y; = figo1 — 1 and ngoe by 1y = Mgz + 1 and keep the
others unchanged. Direct calculations show that the value of >, ﬁzou is decreased by at
least 2. Meanwhile, ZUEF Ndoy 18 increased by at most 1. So ZZ:1 Ngouldoy 1S decreased
by at least 1. Thus )" _, ngouNdo, Will be minimized when d is a balanced test-control
incomplete block design for carryover effects and I is the set of units which has the pe%ol
smallest values among n4g,,- When d is a balanced test-control incomplete block design for
the direct effects and carryover effects, it satisfies this condition. By direct calculations,

we obtain the conclusion. O
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