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Effects of Contact Force
Model and Size Distribution
on Microsized Granular Packing
Granular packing of microsized particles with different size distributions and contact
force models is studied using discrete element method (DEM). Three kinds of size distributions, monosized, uniform, and Gaussian, with mean diameter of 50, 60, and 70 lm are
studied. Two aspects of microscale particle packing issues are addressed: one is the importance of van der Waals force when the particle size approaching to microscale, the
other one is the structure variation caused by different contact force models. The results
indicate that compared with contact force, the van der Waals force contributes very insignificantly to the final packing structure. The packing structures obtained using two different force models are similar to each other. The effects of particle size and its distribution
on the packing structure are more significant than the force model.
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Introduction
Particle packing has been studied experimentally and numerically in the recent years due to its wide applications in physics
and engineering. Mechanical phenomena and physical properties
in granular materials, such as fluid flow, stress distribution, and
electrical conductivity [1], and modeling the structure of materials
such as liquids, amorphous, and ceramic materials [2], have been
studied. Generally speaking, packing is a dynamic process that
involves different kinds of forces. These forces control and determine the packing dynamics and properties during the packing process. In order to illustrate the model clearly and facilitate
computation, the forces that affect the packing structures can be
divided into two main groups: one is contact force that includes
the normal and tangential contact forces, and the other group is
conservative forces that include the gravity and van der Waals
force. The viscoelastic and frictional forces that are generated
when particles collide with each other are considered to be contact
force.
Researchers have experienced difficulty in generating the structural information that can fully match what they measured experimentally [3]. Fortunately, recent works in this area demonstrated
that this kind of problems can be solved using the DEM [4–8]. On
the other hand, algorithms are also important for simulation process. Gan et al. predicted the packing structure of particles with
arbitrary shapes and sizes accurately [9]. They avoided many difficulties and unnecessary problems encountered by the conventional algorithms when dealing with nonspherical particles
packing. Some early simulation algorithms were based on kinematics and did not consider packing as a dynamic process
[10–12]. Recently, the roles of interparticle forces have been recognized, and the approaches of taking the interparticle forces into
account properly have been developed. In order to simulate the
final packing result more appropriately, many models to calculate
the interaction among particles have been proposed [13–17].
However, it has been known for years that the final packing structure of particles is dominated by factors such as packing method,
material properties, and particle size and associated distributions.
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Many existing efforts in the literature focused on the simulation of
monosized particles packing [18–20]. Jia et al. studied granular
packing of spherical particles with different sizes distributions
using DEM [21–23]. Besides different sizes and distributions, van
der Waals force, which is simply ignored in most of contact models, is accounted for in Ref. [23] as the size of particle approaches
to microscale. At the millimeter-scale, van der Waals force is negligible, but at the micrometer scale van der Waals force cannot be
simply ignored under the similar situation [24–27].
In this paper, the DEM will be employed to study the packing
structure of micrometer-scale particles with different sizes (50,
60, and 70 lm). Three different kinds of distributions (monosized,
uniform, and Gaussian) will be studied. The objective of this work
is to identify a more accurate and efficient model for simulation of
microscale granular packing and to reveal the role of the van der
Waals force in microsized packing. LIGGGHTS [28] that is based
on LAMMPS [29], aiming to solving particle related problem in
industrial applications, is used to simulate the packing process. By
comparing the simulated and associated packing results, the validity of the approach can be examined. The resulting packing structures are analyzed in terms of packing density, coordinate
number, and radial distribution function (RDF) and force distribution, respectively.

Physical Models and Methods
The motions of particles can be divided into two parts: translation and rotation. Translational motion that is movement changing
the position of the particles is described using the Newton’s second law
mi

d 2 Xi
¼ Fi
dt2

(1)

where mi is the mass of the ith particle, and Xi is the position of
the ith particle. The particle motion can be caused by three kinds
of forces: contact force, van der Waals force, and gravity. The
gravity is a kind of conservative force and is easy to calculate
compared with the other two kinds of forces. When the two particles collide to each other, the contact force acting on the particles can be decomposed into normal and tangential components.
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According to the nonlinear Hertz theory [30], the normal contact
force acting on the particle i by the particle j can be expressed as




3
Fn ¼ Kn dn  cKn vij  nij nij
(2)
2

The torque generated by rolling friction is given by
Trij ¼ lr Ri jFnij jxi

where lr is rolling friction coefficient, and the torque caused by
tangential force is determined by

where the effective stiffness Kn is defined as
4 pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Kn ¼ Y  R dn
3

Ttij ¼ Ri  Ftij
(3)

where vij is the velocity of particle i relative to the velocity of particle j, R ¼ Ri Rj =ðRi þ Rj Þ is the
 effective
 radius that is the geometric mean of Ri and Rj, dn ¼ Ri þ Rj  jDij j is the overlap in
normal direction, where Dij represents the distance between the
spherical centers of particle i and particle j, and
Y  ¼ Y=½2ð1  r2P Þ is defined in terms of Young’s modulus Y of
particles and Poisson ratio rP of the materials from which the particle are made. In Eq. (2), c is the damping coefficient, and nij is
unit vector connecting jth and ith particles.
In addition, the tangential displacement should be obtained
before calculating the tangential force. Different means of calculating overlaps lead to different tangential contact force models.
Tangential displacement generated by deformations of particles,
which varies with time in the packing process, is determined as
ð
(4)
nt ¼ vt dt
t0

2  rP
dn
2  2rP

 


vt ¼ vi  vj  tij tij þ xi þ xj  Rij
nmax ¼ ls

(5)
(6)

where vt is the tangential relative velocity, t0 is the time when the
two particles just collide with each other without deformation,
and ls is the sliding friction coefficient. If the tangential displacement reaches to a certain value, sliding friction will occur between
the two particles. In order to differentiate from sliding friction
effect, the maximum value for tangential displacement that is represented by parameter nmax is defined. The value of nmax is determined by the deformation calculated in normal direction, Poisson
ratio rP and sliding friction coefficient ls. Last but not the least, x
represents the angular velocity of particles and tij is unit vector
that is perpendicular to normal direction and parallel to the direction of relative velocity between the ith particle and jth particle.
Mathematically, it should satisfies tij  nij ¼ 0 and tij  vij ¼ 0. It
is worth to mention that tij is opposite to the direction of deformation, and independent of the direction of velocity. It is very important to determine unit tangential vector in order to further
calculate the tangential force.
Once tangential displacement is obtained, the tangential force
can be obtained based on the Mindlin-Deresiewicz theory [31–33]


jn j nt
(7)
Ft ¼ ls jFn j 1  t
nmax jnt j
where jFn j is the magnitude of the contact force in the normal direction, and nt is the tangential displacement calculated in Eq. (4).
Since the size of the particle cannot be ignored, the rotational
motion has to be described through analogy to Newton’s 2nd law
of motion
Ii

d2 hi
¼ Ti
dt2

(8)

where Ii is the moment of inertia that is a property of a distribution of
mass in space that measures its resistance to rotational acceleration
about an axis, and Ii equals to 0.4miRi2 here. The angle of particle
i is represented by hi.
021003-2 / Vol. 136, APRIL 2014

(9)

(10)

The van der Waals force can be calculated using the following
formula [34]:


64R3i R3j h þ Ri þ Rj
Ha


 nij
Fv ¼ 
6 h2 þ 2Ri h þ 2Rj h h2 þ 2Ri h þ 2Rj h þ 4Ri Rj


h¼ jDij j  Ri þ Rj



(11)
(12)

where Ha is the Hamaker constant that is determined by the properties of material, and h is the distance between surfaces of two
interactional particles (distance between the centers of two the
particles minus the sum of the radii). It should be pointed out that
a minimum value hmin for h is chosen in order to prevent numerical instability. In other words, if h is smaller than hmin, h is forced
to be equal to hmin (hmin ¼ 10 nm in this work).
The open-source software LIGGGHTS is designed to simulate
large-sized particles packing process where the van der Waals
force can be ignored. It has a number of particle contact models,
among which Hertz History model [35–37] has been cited by
many researchers and is chosen as a representative of macroscale
packing model to be compared with the present model.
Different from contact model of microscale collision, only normal force and tangential force are considered in Hertz History
model. The normal contact force of Hertz History model is given as


(13)
Fn ¼ Kn dn  cn v  nij nij
qﬃﬃ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
InðeÞ
ﬃ ; Sn
Kn ¼ 43 Y  R dn ; cn ¼ 2 56b Sn m ; b ¼ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
In2 ðeÞþp2
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
¼ 2Y  R dn ; m ¼ m=2, and e is the coefficient of restitution.
Compared to normal contact force in the present model (see Eq.
(2)), the first term that is related to the overlap in the normal direction is identical. It is different from present model, however, that
the Hertz History model considers damping coefficient as a variable that depends on the mass of the particles, the coefficient of
restitution, Young’s modulus and normal direction overlap.
The tangential force of Hertz History model is calculated
through

 n
(14)
Ft ¼ Kt jnt j  ct v  tij t
jnt j
qﬃﬃ pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ﬃ
 d ; c ¼ 2 5b S m ; G ¼ ððY=4ð2 þ rÞ
where Kt ¼ 8G pRﬃﬃﬃﬃﬃﬃﬃﬃﬃ
nﬃ t
t
6
ð1  rÞÞ; St ¼ 8G R dn ; and m ¼ m=2.
The simulation region is a hexahedron, whose six boundary
faces are considered as elastic walls that share material properties
with particles in the box. The initial volume fraction of particles
in the simulation box is kept the same for all cases. As a result,
the simulation region will be larger to ensure there is enough
space to keep these particles when larger particles pour into the
box. In other words, the length, width, and the height of the simulation box will vary with the size of particle and increase with the
same rate, which is based on the particle sizes. For monosized particles, for example, the minimum size of this box is 1.0 mm  1.0
mm  1.2 mm, while the maximum size is 1.4 mm  1.4
mm  1.54 mm. In the beginning, there are 4500 particles distributed randomly in the entire region, but no particle gets in touch
with other particles or boundaries. The time step must be sufficiently small to avoid unrealistically large deformation of particles when colliding with other particles or walls in the DEM
where
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Table 1 Values of parameters used in simulation process
Parameters

Values
2504 kg/m3
6.5  1020 J
107 N/m2
0.95
0.3
2  103
2  105 s
0.3

Particle density, q
Hamaker constant, Ha
Young’s modulus, Y
Restitution coefficient, e
Sliding friction coefficient, ls
Rolling friction coefficient, lr
Damping coefficient, c
Poison ratio, rP

simulations. The unrealistically large deformation will lead to
meaningless unrealistic contact force. The time step-independence
test for packing simulation indicated that a time step of 2  107 s
is sufficient to obtain consistent and accurate results. The comparison will be more meaningful and persuasive when all cases have
the same time step.
RDF, which is also called pair correlation function or pair distribution function, is an important function to characterize the
packing structure. It describes how number density changes as a
function of distance from a reference particle or the probability to
find a particle in a shell dr at the distance r of another particle chosen as the reference point
gðrÞ ¼

V dNðrÞ
N 4pr 2 dr

models are simulated. All the parameters shown in the figures are
nondimensional variables. Three basic characteristic values are
chosen to do the nondimensionalization: length L mass M and
energy E whose values are 5.0  105 m, 1.0  1010 kg, and
1.0  1012 J, respectively. The numbers that appeared in the figures are all nondimensional values and if multiplied by the characteristic values mentioned previously, the real values can be easily
obtained. The porosities and coordination numbers are calculated
in order to characterize the final packing structure. Even particles’
deformation is considered and calculated to obtain more accurate
contact force but in the entire packing process all the particles are
still considered to be rigid body. If the distance between the centers of two particles is less than a critical distance, 1.01(d1 þ d2)/2,

(15)

where V represents the total volume of the hexahedron that all particle occupy, N is the total number of particles, and dN(r) is the
number of particles in a shell of width dr at distance r from the
reference particle.
Since the purpose of this work is to study the variation caused
by size distribution and contact force model, all the particles are
adapted with the same material [23] whose properties are shown
in Table 1. The size distributions chosen include monosized, uniform, and Gaussian. And the mean diameters for each distribution
vary in 50 lm, 60 lm, and 70 lm, respectively. In the entire simulation process, the RDF results and force distributions are
recorded from the beginning of the simulation process. The results
of final packing structure will be recorded when all the particles
turn to be static equilibrium, which means that the RDF function
does not change anymore even the simulation is proceeded.

Results and Discussions
Eighteen cases with the same number of particles, three types
of particle sizes and distributions, and two kinds of contact force
Table 2

Porosity and coordination number for present model
Porosity

Coordination number

Diameter Monosized Uniform Gaussian Monosized Uniform Gaussian
50 lm
60 lm
70 lm

0.395
0.398
0.416

0.392
0.388
0.354

0.329
0.378
0.316

6.25
6.15
6.21

6.29
6.28
6.31

6.34
6.25
6.26

Table 3 Porosity and coordination number for Hertz History
model
Porosity

Coordination number

Diameter Monosized Uniform Gaussian Monosized Uniform Gaussian
50 lm
60 lm
70 lm

0.384
0.392
0.394

0.365
0.322
0.353

0.345
0.319
0.382

6.61
6.75
6.58

6.72
6.68
6.76

6.74
6.69
6.77
Fig. 1 RDF for monosized particles
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where d1 and d2 are the two particles’ diameters, the two particles
are considered to be in direct contact [23]. Tables 2 and 3 show
that when the diameters of particles that have the same distribution increase, the coordination number and porosity are independent of particle size which is consistent with the work done by
Brilliantov et al. [35]. However, when the particles with the same
size but different distributions are focused, the results are quite
clear. It can be found that particles with uniform and Gaussian distributions have larger coordination number and lower porosity
compared with that of the monosized particles. This result can be
explained as even the mean diameter is the same but when smaller
and larger particles are mixed, they will have more opportunity to
contact with others and pack more densely.

Fig. 2 RDF for uniform distribution particles

021003-4 / Vol. 136, APRIL 2014

Figure 1 shows comparison of RDF between present model and
Hertz History model for monosized particles packing cases
(d ¼ 50–70 lm). It can be observed that there are three primary
peaks with a decreasing trend on the curve shown in Fig. 1(a).
The first peak reaches to 10.699 when r equals to 1.045, which
hints that all the particles are well packed and averaged distance
between particles is close to the diameter of the particles. The second and third peaks reach to 2.913 and 2.358 at r equals to 1.925
and 2.695, respectively. Figures 1(b) and 1(c) show similar phenomena and demonstrate RDF variation with the particles diameter as well. In Fig. 1(b), the first peak reaches to 12.096 when r
equals to 1.176; while the second and third peaks reach to 2.920
and 2.437 when r equals to 2.296 and 3.192, respectively.

Fig. 3

RDF for Gaussian distribution particles
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50 lm, particle diameters are from 35 to 65 lm. When particles’
mean diameter reaches to 60 lm, the particle diameters uniformly
vary from 45 lm to 75 lm. Finally, particles’ diameters uniformly
vary from 55 lm to 85 lm in order to obtain a mean diameter of
70 lm. It is necessary to point out that for uniform distribution the
number of particles with each size in the range is identical. For
example, in the case that the particle mean diameter equals to 50
lm, the number of particles having diameter from 35 lm to 65 lm
(with 1 lm increment) are identical. Similarly to the phenomena
indicated in Fig. 1, the shapes of RDF have similar trends. However, the first peak values are quite different due to the variation

Fig. 4 Van der Waals force distribution for monosized
particles

Similarly, the first peak reaches to 13.935 when r equals to 1.425
in Fig. 1(c), while the second and third reaches to 2.908 and 2.340
when r equals to 2.451 and 3.705, respectively. It can be found for
all three diameters that the curves of both force models are very
similar to each other. The location of peak values slightly moves
to right with increasing particle diameter. This phenomenon demonstrates that the larger the particle diameter is, the more loosely
the particles will pack.
Figure 2 shows the RDF when the particle sizes satisfy the uniform distribution, and the diameter difference between the nearest
particles is 1 lm. For the case that mean diameter equals to
Journal of Manufacturing Science and Engineering

Fig. 5 Van der Waals force distribution for uniform distribution
particles
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Figures 4–6 demonstrate the standard deviation represented by
rS and the mean value of force magnitude represented by l of the
van der Waals force distribution. Both of them are nondimensional variables which can be converted to real value by multiplying characteristic value described previously. Figure 4 illustrates
the van der Waals force distribution of monosized packing for different particle diameters. It can be found that the dimensionless
average Van der Waals force, l, increases as the diameter
increases because the large particle diameter leads to large van
der Waals force according to Eq. (11).
Figure 5 shows the magnitude of van der Waals force distribution for packing of particles with uniform size distributions. It can

Fig. 6 Van der Waals force distribution Gaussian distribution
particles

of size distribution. For example, the first peak value is around 6
for uniform distribution as shown in Fig. 2. Also, it is easy to
draw a conclusion that when the final packing structure is desired,
two contact models have similar packing structure based on these
RDF responses after observing and comparing the plots.
Figure 3 demonstrates the RDF results for the system of particles with Gaussian size distribution. The standard deviation, rS,
is set as 15 lm for all three sizes. It can be observed that when
particles’ diameters increase, the first peak will appear at larger r
value which means that even when particles have the same deviation, change of diameters still contribute significantly to the packing results.
021003-6 / Vol. 136, APRIL 2014

Fig. 7

Contact force distribution for monosized particles
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magnitude and counts of van der Waals force are also dominated
by the particle size.
The force distributions for contact forces for three different size
distributions are shown in Figs. 7–9. It has to be mentioned that
gravity is important driving force for particle packing so that particles will pack with each other at the bottom of the simulation
box at the end. But in Figs. 7–9, the gravity is not presented and
the curves represent the nondimensional value for contact forces
only. The reason that gravity is not included contains two parts:
one is that the magnitude of gravity is much larger than that of
contact force, and if it is added into the plots the real magnitude

Fig. 8 Contact force distribution for uniform distribution
particles

be found that the Van der Waals force distribution is similar in
counts compared with that in Fig. 4 and the magnitude of van der
Waals force that represented by l value is almost the same as
those in monosized cases when the particles have the same mean
diameter. This phenomenon indicates that particle diameter
mainly effect the van der Waals force magnitude.
Figure 6 presents the effect of van der Waals to particle packing
with Gaussian distribution. The results show that the magnitudes
of van der Waals force of particles that have the same mean diameter are very similar to each other even when their distributions
are totally different. It also demonstrates that similar to the RDF
results which are mainly affected by particle diameters, the
Journal of Manufacturing Science and Engineering

Fig. 9 Contact force distribution for Gaussian distribution
particles
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Fig. 10 Resultant force distributions

and tendency of contact forces will not be observed clearly; the
other reason is that the acting point of contact force and that of
gravity are different. Physically, gravity acts on the mass centers
of particles while contact force exerts on the contact point generated by two contacting particles. It can be seen from Fig. 7 that
the average of contact forces increases as the particle diameter
increases for monosized packing. For most of contact models, calculation of deformation of colliding particles is a necessary procedure to obtain contact force. The deformation term is so important
that it appears in every formula that aims to calculate contact
force in which the overlaps contribute significantly to the deformation of particles.
Figure 8 presents the contact forces for packing of particles
with uniform size distribution. It can be observed that when mean
diameter of particles increases, the magnitude of contact forces
increases. In other words, larger mean diameter particles with the
same distribution will produce larger contact forces. Similar conclusion can be obtained from Fig. 9 which shows the contact
forces for particles with Gaussian distribution. But compared with
the result for monosized and uniform distribution particle packing,
the magnitude of contact forces for this case is slightly smaller.
This is mainly because when two particles with different sizes
contacted with each other, the overlap produced is less than that
generated by two particles with the same size.
There are many kinds of forces that affect the packing process
and the two kinds of forces are discussed above: van der Waals
force and contact force. Since Hertz History model does not
021003-8 / Vol. 136, APRIL 2014

consider van der Waals force, its resultant force is equal to the
contact force in the following analysis. Based on the results from
Figs. 4–9, van der Waals force, and contact force increase with
increasing particle diameter. Figure 10 shows the resultant force
distribution for different size distributions. It reveals that the
effects of particle size and its distribution are more significant
than the contact force model.
In the aspect of force magnitude, the distributed magnitude of
contact forces is much larger than that of van der Waals forces.
No matter what the diameter is or what the distribution is the contact forces probability distributions show exponential-like tail
while the distribution of van der Waals forces is like a bell-shape.
It is found that the resultant force of Hertz History model is
slightly larger than that of the present model. Besides, two curves
in each RDF result are very similar to each other. When particles
have the same diameter and distribution the final packing structures are very alike even when the present model considers van
der Waals force while the other does not.

Conclusions
Granular packing of particles with three different sizes and
three different size distributions (monosized, uniform, and Gaussian) are simulated using discrete element method. In addition to
the contact force, four kinds of forces are considered in the simulations which include two dissipative forces: viscoelastic and frictional force, and two conservative forces: gravity and van der
Transactions of the ASME
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Waals force. The effect of van der Waals force on the packing
structure of particles in micrometer domain has been systematically investigated. The results showed that the effect of van der
Waals force is not significant for the particle size and its distributions investigated in this paper. It is also found that even though
our model is much simpler than the Hertz History model, the final
packing structure is very similar. Moreover, the tendencies of the
force distributions and RDF results are similar when particles
have the same diameter and distribution. The effects of particle
size and its distribution are more significant than the force model.
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Nomenclature
e ¼ coefficient of restitution
g ¼ gravity, m/s2
h ¼ distance between the centers of two particles minus the sum
of their radius, m
Ha ¼ Hamaker constant, J
m ¼ mass of particle, kg
R ¼ radius of particle, m
v ¼ velocity, m/s
Y ¼ Young’s modulus, Pa

Greek Symbols
c¼
d¼
n¼
l¼
ls ¼
lr ¼
r¼
rS ¼
rP ¼
x¼

damping coefficient, s
overlap, m
tangential displacement, m
mean value of van der Waals force
sliding friction coefficient
rolling friction coefficient
deviation for van der Waals force
standard deviation
Poisson ratio
angular velocity, rad/s
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